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ABSTRACT: By constructing a special cone and using the fixed point theorem of cone expansion and compression,
this paper shows the existence of positive solutions for two-point boundary-value problems of nonlinear singular
differential systems.

I. INTRODUCTION

The Necessary and sufficient conditions for the existence of

C?[0,1] X C[0,1] and C°[0,1] X C'[0,1] positive solutions for the coupled systems. We investigate the BVP  u® =
l4
fitu,v); -V =g(tu,v);

u(0) =u@)= U"(0) =u" (1) =0; v(0)=v(1)=0 —>(L.1)

where T € (0,1) f g € C[(O,l) X [O,OO) X[O, OO),[O,OO)]

i.e. f, g may be singular at t=0 and t=1.

Il. PRELIMINARIES
2.1 Lebesgue Dominated Convergence Theorem:

Let { fn} be a sequence of Lebesgueintegrable function on an interval I. Assume that, a) {fn}
converges almost everywhere on 1 to a limit function f, and,

lim [ f,

b) there is a non-negative function f& L(l) the sequence J‘ f | converges and J‘ f=
0 =

N—o0
I I

Arzela Ascoli Theorem:

Let A be a compact metric space, then a non-empty subset of Cc(X) is relatively compact iff it is bounded and
equicontinuous.
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I11. POSITIVE SOLUTIONS FOR SYSTEMS OF NONLINEARSINGULAR DIFFERENTIAL EQUATIONS

Let us list some conditions to be used later.

(H1) g € C[(0,1) x[0,00) x[0,0),[0,0)] and satisfy
1 1
jt(l— t) f (t,t(1-1),1)dt < o, jt(l— t)g(t,t(1-1t),1)dt < o
0 0

1

1
(H2) j f(t,t(L—1),t(1-t))dt < oo, jg(t,t(l— t),t(1 - t))dt < o
0 0

(H3) fis quasi-homogenous with respect to the last two variables,

that is, there are constants Ayt g, B, N, M N, M, with

0< A Sspu;<+0,0ca;,< B, <1y, +B,<1,0<N; <1< M,

O0<N,<1<M 2suchthatforal|0<t<1,u >0,v>0

(a)c™ f (t,u,v) < f(t,cu,v) <c™f(t,u,v),0<c<Ny;

satisfying chf(t,u,v) < f(t,cu,v) <ch f(t,u,v),c>My;
(b)c £ (t,u,v) < f(t,u,cv) <c®f(t,u,v),0<c< Ny;

c® f (t,u,v) < f(t,u,cv) <cPf(t,u,v),c>M,.
(H4) g is quasi-homogenous with respect to the last two variables,
that is, there are constants A, 11, ,Q5, B,,N5,M4,N,,M, with
0< A, Spy<+0,0<ap, < By <lup+fp <L,
0<N3<1<Mj3,0<N, <1< M, suchthatforall
0<t<l1l,u>0,v > 0 satisfying,
(a)c*2g(t,u,v) < g(t,cu,v) <c™g(t,u,v),0 <c < Ng;

c*g(t,u,v) < g(t,cu,v) <c*g(t,u,v),c > M,.

(b)cP2g(t,u,v) < g(t,u,cv) <c%g(t,u,v),0<c < Ng;
4

c*g(t,u,v) < g(t,u,cv) <c”g(t,u,v),c > M,.
(H5) There exist (Q < yi < 1,ki >0(i = 1,2)suchthat

f(t,u,v) >k (u+v)™,g(t,u,v)>k,(u+v)"
foranyte J,(u,v) e P.
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Result-3.1:
The functions U e C2[0,1] ~C® (0,2),veC[0,1] m C? (0,1) form a solution to (1.1) iff (u,v) is a fixed point

of the integral operator
A(u,v) = (A (u,v), Ay (u,v)) in C?[0,1]x C[0,1] where
1 1
Ac(u,v)(t) = [G(t,s)[G(s,t)f(z,u(r),v(r))drds
01 0 —>(3.1)
Ap (U, v)(t) = [G(t,5)g (s,u(s),v(s))ds
0

t(l-15),0
s(1-1),0

t<s<1;
s<t<1l,

IAIA

G(t,s)={

Result-3.2:

Suppose (u,v) e P and u € (0,%].

Then u(t)+v(t) = u(@— p@)(Jul, + vll, ).t € [u.1- u]-

Lemma-3.3:
Assume that (H1),(H3),(H4) hold. Then A:P — P is a completely continuous operator.
Theorem-3.4:
2
Suppose ( H3) ~(H5) hold. Then (1.1) has a C “[0,1] x C[0,1] positive solution (u,v), iff (H1) holds,

Theorem-3.5:
Ssuppose ( H3) —(H5) hold. Then (1.1) has a C3[0,1] X Cl[O,l] positive solution (u,v), iff (H2) holds

Proof :
1

Sufficiency: First we prove that J’ f (t,t(l—t),t(l—t))dt < +00
0

. 1
Implies fta -t f(t,t@-1),1)dt < +o0
0

Choosing positive number ~ > max { M ) 1 }
4N,
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Then

f(t,t(1-1),t1-t)) = f(t,t(1-t),c t(l-1)

)

>chP@—t) f(t,t(l-1),1)

>cn A -t) f (t,t(L—t),1).
Consequently, we can get

1 1
j f(t,t(L-1),t(1—t))dt > c“rﬁljt(l—t) f(t,t(1-1),1)dt,
0 0
1
Namely, wecanget. [t (1 — t) f (t,t(1 - t),1)dt < +oo
0

1
we can prove that J'g(t,t(l—t),t(l—t))dt<+°°
0

1

[t@-tg(t,t@d-1),1)dt < +w
0

From above inequalities,

we know that (1.1) existsa C 2 [0,1] x C [0,1] positive solution (u,v).

This implies

Therefore it suffices to show that y (0 ) .u " (17) ,V'(O+) and v'(17) exists.
The same reason as the proof of Theorem-3.4 of necessity asserts that there exists 0 < m 1 <l<m, and

O<n <1l<n, satisfying mt(l—t) <u(t)<m,t(d-t) and
nt(l-t)<v(t)<n,ta-t).teld.

m n
Lete > max{M,,—2}+ 3¢ >max{M,,—2
N, N,
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i Ut vt = [ f @u, v
0 0

1
=[f (t,clL(l—t),cz Lt(1—t))dt

A a1
J_u® ) s V() _ _
< (Clt(l_t)J c, (Czt(l_t)J ‘([f(t,t(l t),t(1—t))dt

1
< o Ae A my i, [ F (bt - 1)t - D)dt
0

<+o0

This guarantees u "' (0 + ) and y"'(17) exists.

m
Ontheotherhand,letc3 > max{M3, Nz}andC4 S max{M . n, } Then
3

1 1
[l-v'mldt = [ g(t,u(t), v(t)dt
0 0

T u(t)

_ B v(t) B
_gg(t,C3mt(l t)’c4—c4t(1_t)t(1 t))dt
Aa a, 1
RO AR e
Cs [c3t(l—t)] c, £C4t(l_t)] _([g(t,t(l t),t(1—t))dt

1
< c3ﬂz—%c2ﬁz-“zm2%n2“2jg(t,t(l—t),t(l—t))dt
0

<+o0
This means that v'(0 ™) and v '(1~ ) exists
Necessity:
Let (uv)bea C 3[0,1] x C 1[0,1] Ppositive solution of (1.1).
The same reason as the beginning of the proof of sufficiency asserts that there exists 0 < m, <1 < m, and
0<n, <l<n, satisfying mt(1—-t) <u(t) <m,t(1-t) and
nt(l-t)<v(t)<n,ta-t).ted.

) 1 ) 1
SUPPOSB Clﬁmln{Nl,W}aCZSmlﬂ{Nz,M n }CBSmm{NB’ﬁ}
112 2112 312

and ¢ < min{N,, !
M ,n,
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t(1l-t) t(l-1t)
f 1- f(t, :
(ttd-1),td-1))= (tll() (t).c, 0 v(t))
1 ﬁl
a4 [ td—=1) a [ T(L=1)
<c (clu(t)] C, (sz(t)] f(t,u(t),v(t))

< ¢ e, Pomy P (tu(t), v (t)

Consequently,
1
j f(t,t(1-t),t@1-t))dt < ¢, Hic,* Pm  Hin, Piu™@™ ) —u"(0%)]
0
<+

On the other hand, we can also prove

(610, -0)=0 0y u (D)0 S ()

3u(t) 4V (1)
. M’“ o [tA-1)
<c, (%u(t)] c, % (Cv(t)] g (t,u(t),v(t))

IA

0312_”2 C4az_ﬁ2 m:l-_ﬂ2 nl_ﬂz g (t1 u (t)’v(t))

Consequently,
1
jg(t,t(l-t),t(l-t))dt < gy Heg, % Fom e, TP (1) = v/(07)]

<+o0
Therefore, our conclusion follows.

IV. CONCLUSION

In this work, using the fixed point theorem of Cone expansion and compression, the existence of positive
solutions for two-point boundary-value problems of nonlinear singular differential systems are discussed.
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